We have studied entanglement between two Dirac modes respectively observed by two independently accelerated observers. Due to Unruh effect, the entanglement degrades, but residual nonzero entanglement remains even when the accelerations of both observers are infinite. We have also investigated quantum teleportation using entangled Dirac modes, and calculated the fidelities in various cases. In general, the fidelity depends on the single-qubit state γ|0 + δ|1 to be teleported, as well as which Bell state to use. In the limit that both accelerations are infinite, the average fidelity in using |φ ± ≡
1
2 (|00 ± |11 ) is 3 4 , while that in using |ψ ± ≡ 1 2 (|01 ± |10 ) is 
I. INTRODUCTION
In recent years, researches on quantum information have entered the realm of relativity [1] [2] [3] [4] [5] . It has been widely acknowledged that there exist gravitational or accelerating effects on quantum entanglement, which is one of the key concepts in quantum information theory.
Because of the Unruh effect [6] [7] [8] , entanglement between field modes degrades when at least one of the modes is observed by an accelerated observer [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Entanglement between two Dirac modes when one observer accelerates while the other moves uniformly was studied, indicating that the entanglement degrades with the acceleration. However, in contrast to the boson modes, whose entanglement approaches zero in the infinite acceleration limit [14] [15] [16] [17] [18] [19] [20] [21] , the Dirac modes have finite residual entanglement in this limit [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The case that two observers have the same acceleration was also studied, and by using the Bell states as the initial states, it was found that entanglement degradation depends on both the particle statistics and the initial state [15] . With the increase of acceleration, the entanglement degradation of |ψ ± ≡ (|01 ±|10 )/ √ 2 is faster than |φ ± ≡ (|00 ±|11 )/ √ 2. Entanglement among three Dirac modes with one or two observers accelerating has also been studied [10] .
Entanglement between Unruh-Wald detectors of boson fields have also been studied and it was found that when one or more detectors accelerate, entanglement quickly degrades, and suddenly dies at finite values of the accelerations [22] [23] [24] .
Entanglement degradation leads to the reduction of the fidelity of the quantum teleportation [24] [25] [26] [27] . Therefore, for quantum teleportation between accelerated observers, it is better to use Dirac modes rather than boson modes.
In this paper, assuming both observers accelerate independently, we first calculate the entanglement between two Dirac modes in two generic kinds of entanglement state, using negativity as the entanglement measure. Then we study quantum teleportation using Dirac modes, and discuss the fidelities in various cases. We focus on how the fidelity depends on the accelerations of the observers. In Sec. II, we briefly review the Unruh effect in order to summarize the formulae needed. In Sec. III, we calculate the entanglement degradation of two different entangled states of Dirac modes. Teleportation and its fidelities in various cases are discussed in Sec. IV. Summary and discussions are made in Sec. V.
II. THE UNRUH EFFECT
In this section, we briefly review the Unruh effect in order to summarize the formulae needed [11, 28] . For simplicity, consider a free Dirac field ψ, satisfying, in Minkowski spacetime,
where m is the mass of the particle, γ µ 's are Dirac matrices. ψ can be expanded in terms of the positive-frequency modes ψ + k and the negative-frequency modes ψ
where we use wave vector k to denote the modes, and a k and a † k to denote the annihilation and creation operators of the positive-frequency modes ψ
, and b k and b † k to denote the annihilation and creation operators of the negative-frequency modes ψ
Minkowski vacuum is defined as
where |0 k + and |0 k ′ − are fermion and antifermion vacua, satisfying a k |0 k + = 0 and
The field operator ψ is defined over the whole Minkowski spacetime. However, for an accelerating observer, only a part of the spacetime can be accessed [30] . Consider an observer accelerating in the +x direction. The Minkowski spacetime is divided into the right Rindler wedge I, and the left Rindler wedge II (Fig. 1 ).
Region I can be fully accessed by the observer, while region II is causally disconnected.
One can also expand ψ in terms of the Rindler modes in the two regions,
where σ ∈ {I, II}, c The Minkowski spacetime is divided into two parts, the right Rindler wedge (region I), which can be fully accessed by the accelerating observer, and the left Rindler wedge (region II), which is causally disconnected. The hyperbola represents the world line of the observer accelerating uniformly in the +x direction. (2) and (4), we find
where
Under the single-mode approximation [25, 26] , one obtains the Bogoliubov transformation of the form [11, 28, 31, 32] 
where u is related to the acceleration a through
hence u is a measure of the acceleration, ranging from 0 to π/4, φ is an unimportant phase and can always be absorbed into the redefinition of the operators, and is disregarded henceforth.
Using the Bogoliubov transformation, we can express the Minkowski states in terms of the Rindler states. The Minkowski vacuum can be written as [11] cos u |0 k
and the Minkowski one-fermion state can be written as
The superscripts + and − represent the particle and antiparticle states, respectively, and are omitted henceforth, as + is always associated with region I, and − to region II.
The states of the modes probed by the accelerated observer can be obtained by tracing over the inaccessible region. Thus an accelerated observer in the Minkowski vacuum would probe a thermal state. This is the Unruh effect.
III. ENTANGLEMENT
We consider two entangled states of two modes A and B in Minkowski spacetime,
The cases with α = 
A. |Ψ
Consider the Minkowski state |Ψ . Wherever we omit labels A and B, the first mode is distributed to Alice, while the second to Bob. We can rewrite |Ψ in terms of the Rindler modes,
where u a and u b are measures of the acceleration of Alice and Bob, respectively, as given in Eq. (8) . Alice and Bob are causally disconnected from region II, which should be traced over. The reduced density matrix is
where subscript I on RHS has been omitted,
To quantify the entanglement, we employ the negativity
where T denotes a partial transpose with respect to A or B, and ρ ≡ Tr ρρ † is the trace norm of ρ. The result is
The squares of
. In Fig. 2 , we show the dependence of the negativity on u a and u b , for
The negativity has nonzero value in the limit of infinite acceleration, as a feature of the entangled Dirac modes. When the acceleration of Bob approaches infinity while Alice moves uniformly, the negativity approaches |α| 2 + 1 2
. When the accelerations of both observers approach infinity, the negativity approaches √
.
B. |Φ
Now we consider the Minkowski state |Φ , which can be rewritten as
for the two accelerated observers. After tracing over region II, we obtain the reduced density
The dependence of the negativity on u a and u b for
The negativity is also of the form of Eq. (14),
, the result is shown in Fig. 3 .
When the acceleration of Bob approaches infinity, while Alice moves uniformly, the negativity N approaches 1 2
. When the accelerations of both two observers approach infinity, the negativity N approaches 
and in the limit that Bob accelerates infinitely while Alice moves uniformly, the negativities of |Ψ and |Φ approach the same value. But in general, for same accelerations, the negativities of |Ψ and |Φ are different quantitatively, though the qualitative features are similar.
IV. TELEPORTATION FIDELITY
Quantum teleportation is usually realized by using one of the four Bell states [33] , Alice then communicates to Bob the classical information about which state A and Q are in. Then Bob applies a corresponding unitary transformation U on the state of B, which then becomes |Q , originally possessed by Q.
In the ideal protocol of quantum teleportation, the qubit state can be teleportated faithfully by using any of the Bell states. There's no real difference in using different Bell states. This is not the case when the observers accelerate, since the degradation of the entanglement now depends on the initial state.
We consider the situation that both Alice and Bob accelerate, characterized by u a and u b respectively.
A. Quantum teleportation using |ψ ± First we consider quantum teleportation using |ψ ± . |ψ ± is prepared in the inertial frames. Suppose |Q = γ |0 + δ |1 with |γ| 2 + |δ| 2 = 1. The initial state of the system can be written as
Here and in the following, the upper and lower symbols in '±' or '∓' correspond to the upper and lower symbols in the initial state |ψ ± or |φ ± , respectively.
As Alice and Bob both accelerate, the state ψ QAB in can be rewritten in terms of the Rindler modes,
On RHS, the three numbers in each | . . . 
where the subscript I is omitted. Bob makes a corresponding unitary transformation
where U = |0 0| ± |1 1|. Thus the fidelity is
The fidelity depends on the state |Q teleported unless u a = u b = 0, in which case
If the result of the Bell measurement is |ψ − QA , with probability p 1 ≡ (|γ| 2 + |γ| 2 sin 2 u a + |δ| 2 cos 2 u a )/4, the state of the system becomes
The reduced density matrix observed by Bob is then
where the subscript I is omitted. Then on ρ ′ B1 , Bob makes unitary transformation U = −|0 0| ± |1 1|. The fidelity is
If the result of the Bell measurement by Alice is |φ + QA , each with probability p 2 ≡ (|δ| 2 + |δ| 2 sin 2 u a + |γ| 2 cos 2 u a )/4, the state of whole system becomes 
on which Bob makes unitary transformation U = ±|0 1| + |1 0|. Thus the fidelity is
If the result of the Bell measurement by Alice is |φ − QA , the state of the system becomes
The reduced density matrix observed by Bob is
on which Bob makes unitary transformation U = ∓|0 1| + |1 0|. Thus the fidelity is
Moreover, the average fidelity over all possibilities is
which is symmetric between γ and δ.
In the usual procedure of teleportation, the fidelity do not depend on the result of Bell measurement. However, it is not the case when Alice and Bob accelerate. F 1 and F 2 are different in general. When |γ| < |δ|, F 1 > F 2 , as indicated in Fig. 4 , where we show F 1 , F 2 and F ψ for |γ| = 0.6 and |δ| = 0.8. When |γ| > |δ|, F 2 > F 1 . In fact, one can obtain F 2 from F 1 by exchanging γ and δ.
FIG. 4.
In teleportation using |ψ ± , the fidelities F 1 (the yellow layer), F 2 (the blue layer) and F ψ (the green layer) as functions of u a and u b . The coefficients characterizing the teleported state are |γ| = 0.6 and |δ| = 0.8.
We now consider the special case that |γ|
. In this special case,
[1 + cos u a cos u b ]. In the limit that one observer's acceleration is infinity while the other moves uniformly,
≈ 0.854. When the accelerations of both observers are infinity,
B. Quantum teleportation using |φ ± Now we consider using |φ ± to teleport |Q . The initial state of the system is
which can be expressed in terms of the Rindler modes as
which can be rewritten in in terms of Bell states of Q and A, as
Now Alice makes the Bell measurement. If the result is |ψ + , with probability p 1 ≡ (|γ| 2 + |γ| 2 sin 2 u a + |δ| 2 cos 2 u a )/4, the state of the whole system becomes
on which Bob makes unitary transformation U = ±|0 1| + |1 0|. Thus we obtain the fidelity
If the result of the Bell measurement is |ψ − , with probability p 1 ≡ (|γ| 2 + |γ| 2 sin 2 u a + |δ| 2 cos 2 u a )/4, the state of the whole system becomes
on which Bob makes unitary transformation U = ∓|0 1| + |1 0|. Thus we obtain the fidelity
If the Bell measurement results in |φ + , with probability p 2 ≡ (|δ| 2 + |δ| 2 sin 2 u a + |γ| 2 cos 2 u a )/4, the state of whole system is
on which Bob makes unitary transformation U = |0 0| ± |1 1|. The fidelity is
If the Bell measurement results in |φ − , with probability p 2 ≡ (|δ| 2 + |δ| 2 sin 2 u a + |γ| 2 cos 2 u a )/4, the state of whole system is
For teleportation using |φ ± , the fidelities F 3 (the yellow layer), F 4 (the blue layer) and F φ (the green layer) as functions of u a and u b . The coefficients characterizing the teleported state are |γ| = 0.6 and |δ| = 0.8.
on which Bob makes unitary transformation U = −|0 0| ± |1 1|. The fidelity is
The average fidelity is
In general F 3 = F 4 . Which is larger depends on the accelerations, unlike the relation between F 1 and F 2 , which only depends on |γ| 2 and |δ| 2 . For |γ| = 0.6 and |δ| = 0.8, we
show F 3 , F 4 and F φ in Fig. 5 .
For |γ| = 0.6 and |δ| = 0.8, we show average fidelities F ψ and F φ in Fig. 6 . It shows that for such a teleported state |Q , no matter what the accelerations are, F φ > F ψ , hence it is better to use |φ ± .
When
We now consider the limit that the accelerations of both observers are infinite. In Fig. 7, we show the dependence of each of the four basic fidelities on the coefficients characterizing
Comparison between average fidelities F ψ (the yellow layer) and F φ (the green layer) with |γ| = 0.6 and |δ| = 0.8.
the teleportated state. We parameterize the coefficients as |γ| = sin θ and |δ| = cos θ, with 0 ≤ θ ≤ π/2. The four fidelities have a common crossing point at θ = π/4, where they are all equal, as we have known for general values of accelerations. Moreover, it can be seen that for any value of θ, none of the four basic fidelities is zero in this limit of infinite accelerations. In fact in the limit of infinite accelerations, the average fidelities are
. Therefore, no matter what |Q is, we always have F φ ≥ F φ , hence it is better to use |φ ± .
Now consider the special case that only Alice or Bob accelerates while the other observer moves uniformly. If Alice moves uniformly, then u a = 0, we have
F 2 = F 3 , but p 1 = p 2 in general, hence the difference between F ψ and F φ remains, unless
V. SUMMARY
We have studied how quantum entanglement between two Dirac modes is affected by the accelerations of the observers of these two modes. Acceleration causes the observer The dependence of the four fidelities on the state of the qubit when the accelerations are both observers are infinite, or u a = u b = π/4. The parameter θ is defined as γ = sin θ and δ = cos θ.
to be only able to access a part of the spacetime. This is the origin of the entanglement degradation. We use negativity as the entanglement measure. For two kinds of entangled states, it is calculated that the nagativity decreases with the acceleration of each observer.
However, there is a residual nonzero value even when both accelerations approach infinity.
Moreover, we have also studied how this entanglement degradation affects the quantum teleportation, by calculating the fidelities as functions of both accelerations. In addition, the fidelity depends on several factors, including which Bell state the observers share is |ψ ± or |φ ± , the result of the Bell measurement by Alice, as well as the state of the qubit to be teleported. We have obtained the fidelity for each case, as well as the average over all possible results of Bell measurement. When the teleported state is an equal superposition of |0 and |1 , all the fidelities are equal.
In the limit that both accelerations are infinite, the average fidelity in using |φ ± is 3 4 , which is higher than using |ψ ± , which is 1 2 + |γ| 2 |δ| 2 ≤ 3/4. Therefore, it is better to use |φ ± .
For teleportation using boson modes, the fidelity approaches zero even when the acceleration of only one observer approaches infinity while the other observer moving uniformly [26] .
This demonstrates that the Dirac modes are advantageous over Boson modes in quantum teleportation in non-inertial frames.
Accelerated observers reflects some situation in a gravitational field, because gravitation is equivalent to acceleration according to Equivalence Principle. Furthermore, the spacetime near the horizon of a Schwarzschild black hole is the Rindler spacetime, and accelerated observers in the Minkowski spacetime correspond to stationary observers near a large black hole [34, 35] . Our results suggest that Dirac modes are more useful than boson modes for quantum teleportation in a strong gravitational field, especially near a black hole.
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